In eikonal and quenched approximations at least, it is argued that the strong coupling fermionic QCD amplitudes obtained with the help of the newly discovered effective locality property, depart from a dependence on the sole SU c (3) quadratic Casimir operator, evaluated over the fundamental gauge group representation.
I. INTRODUCTION
In some recent articles [1] [2] [3] [4] , a new property, which bears on the fermionic Green's functions of QCD, has been put forth under the name of effective locality. That property can be phrased as follows. For any Quark/Quark (or Anti-Quark) scattering amplitude, the full gauge-invariant sum of cubic and quartic vectorial gluonic interactions, fermionic loops included, results into a local contact-type interaction, and this local interaction is mediated by a tensorial field structure which is antisymmetric both in Lorentz and color indices. This is a non-expected result because, ordinarily, integrations of elementary degrees of freedom result in highly non-local and non-trivial structures; the 'effective locality' denomination, which sounds like an oxymoron, accounts for this rather unusual circumstance.
If effective locality is a sound, relevant property of QCD, then its consequences, even examined 'at tree level', should exhibit admissible as well as new aspects of the confined phase of QCD; and so far, it seems to be so [2] [3] [4] .
In Ref. [4] , a general form of the QCD fermionic amplitudes is displayed as a finite sum of finite products of Meijer's special functions, in agreement with most general and theoretical expectations [5] . Remarkably enough, within one and the same expression, these amplitudes are able to show up an explicit link between a partonic content and a hadronic non-perturbative component in accord, this time, with the AdS 5 /QCD light-cone approach of Ref. [6] .
However, the analysis presented in Ref. [4] is carried out at eikonal and quenched approximations. Soon it will become important to relax these approximations, not only for the sake of preserving unitarity, but also in order to explore larger distances: Effective locality, in effect, clearly differentiates QCD from the pure Yang Mills situation. In particular, as noticed by lattice approaches, inclusion of quark loops reveals to be essential to the description of larger distance non-perturbative physics [3] .
Fortunately enough, there are things that can be learnt already at the level of a quenched analysis: In the current article, we will take advantage of the results worked out in Ref. [4] to address a peculiar, non-perturbative issue which could account for a novel aspect of the QCD non-perturbative phase, such as disclosed by the property of effective locality.
II. CASIMIR OPERATOR DEPENDENCES
In Perturbation Theory, all of the scattering process calculations come out proportional to either C A = N c and/or C F = (N 2 c − 1)/2N c , that is to the quadratic Casimir operator eigenvalue C 2 (R) over the adjoint and fundamental representations respectively (exceptions may be found in Ref. [7] , where higher dimensional representation spaces were considered, but again, restricted to C 2 -dependences). The quadratic Casimir definition is
, where the T a (R) denote the SU c (3) Lie algebra generators in a given representation R.
Not solely perturbative calculations, but also non-perturbative QCD models, such as the MIT bag model [8] , the Stochastic Vacuum Model (SVM) [9] , and lattice approaches [7, 10] , comply with these overall C 2 (R) dependences, though, sometimes, in a quite different way.
The property of effective locality shows up for 2n-point fermionic Green's functions, as an exact, non-approximate property of QCD [2] . In the strong coupling regime g >> 1, evaluating a 2 by 2 Quark/Quark(Anti-Quark) scattering amplitude with the help of Random Matrix Theory, one finds a result which (up to renormalization) is proportional to [4] ,
× C dp 1 .. dp
where the eikonal and quenching approximations have been used. QCD is here simplified to the case of a single quark species of mass m, and E(= E 1 = E 2 ) is the 2 colliding quarks energy in the center of mass system,
2 . This amplitude easily generalizes to the case of 2n-point fermionic Green's functions [4, 12] . The monomials which are understood in the summation are those of a Vandermonde determinant,
Each monomial is characterized (not in a unique way) by a given distribution of q i -powers whose sum satisfies the constraint of an equal global degree of N(N − 1)/2. The monomials share the same algebraic color structure, which is that of the net amplitude. With D, the number of spacetime dimensions, the number
so as to diagonalize a real random traceless N ×N symmetric matrix with spectrum, the
It is by integrating on the ξ i s (and on 2 subsidiary variables) that the Meijer 's special functions, the G 23 34 of (1) come about [4] , in agreement with the most general expectations of Ref. [5] . In one and the same argument, the G 
where b = | b| is the impact parameter of the scattering process, and µ, the mass scale necessarily introduced by effective locality [4] .
Also, writing (1), the absolute values of (2) have been dropped, as it can be shown that they do not affect the point made in the current letter [12] .
The matter under consideration is in the 2nd line of (1) where f (.., p l , .) is the joint probability distribution of the N(N − 1)/2-parameters that specify the orthogonal matrix O, whereas the constant C normalizes that distribution to unity. The matricial part of (1) appears in the 2 sine functions, while a trace over internal color degrees may be taken.
One has the N-vector of matrices T = (T, T, T, T ) = (1, 1, 1, 1) ⊗ T , that is D = 4 copies of the original full set T of SU c (3) generators, taken in the fundamental representation:
. . , t 7 , t 8 }, with t a = λ a /2, the standard Gell-Mann matrices [13] .
As advertised in Ref. [4] , the additional, but unavoidable complexity coming from the p l -dependence of the random orthogonal matrix, O, is essential to prevent a trivial result from occuring, and to begin with, it is interesting to observe how such a trivial result would effectively come out.
Ignoring the p l -dependent orthogonal matrix O in the second line of (1), one gets for a generic monomial of the sum (1),
that is,
Expanding the sine-functions, the property T j = t j = λ i /2 has been used, where i = i modulo N 2 c − 1. Now, the following equalities hold,
The first equalities hold by definition of the N-vector of matrices T , and because of the relations [λ Restoring the relevant dependences on O now, one can write for a given monomial of the sum (1), ± Tr
where shorthand notations have been used: The set of (yet unspecified) real numbers p l , 1 ≤ l ≤ N(N − 1)/2 is collectively represented by the symbol p, and the notation {k i , α i 1 } stands for the general term of the sine-function expansions (−1)
Random orthogonal matrices can be generated in different ways, distributed according to the Haar measure over the orthogonal group O N (R), [14] . An orthogonal matrix can be conveniently decomposed into a finite product of N(N − 1)/2 rotators, plus reflections, that is under the form,
where the matrix of reflections is diagonal by definition and reads, D ε = diag(ε 1 , ε 2 , . . . , ε N ), with ε i = ±1, ∀i = 1, . . . , N. A random orthogonal matrix requires that to either value ε i = ±1 be associated an equal probability P (ε i = ±1) = 1/2. A rotator R ij (Θ ij ), itself an N × N-orthogonal matrix, acts as a rotation in the i − j 2-plane solely, and is thus characterized by an angle, Θ ij . The Θ ij are independent random variables with a joint probability distribution proportional to [14] ,
whereas the probability density of an angle Θ ij is a beta distribution, β(x ij ;
), with
). As meant in the second line of (6), these probability densities allow one to calculate averages over orthogonal matrices in a definite quantitative way. However, for our present purpose, the full explicit form of the Haar measure is not required, but only the D ε matrix properties, so as the left-and right-invariances of the Haar measure on O N (R). For example, denoting with brackets those averages, and by a ij = a ij (. . . , Θ lm , . . . ) the matrix elements of (7) as the reflection matrix D ε is omitted, one obtains,
In the last equality, the normalized average over the product of reflections ε j ε k has been taken. That is,
where, as a straight forward consequence of the left-and right-invariances of the Haar measure on O N (R), [12] , the second equality defines independently of the entry labels i, j the constant K 00 as N −1 times the mean value < a 2 ij (. . . Θ lm . . . ) > Θ . Finally, C 2f stands for the quadratic Casimir operator eigenvalue on the fundamental representation, that is,
The right hand side of Eq.(10) just gives the contribution to (6) of the values k i = k ′ i = 0 coming from the two sine function expansions,
In the same way, at
where K 10 stands for N −1 times the angular averages < a 2 ij a 2 ik > Θ [12] . Of course, the same contribution is generated by the reverse case k i = 0, k ′ i = 1, with K 01 = K 10 . In (12) , one notices the second (cubic) Casimir operator eigenvalue over the fundamental representation of SU c (3), that is
where the fully symmetric constants d abc are defined in the standard way, that is, in the case
δ ab . Far less popular than C 2 , the cubic Casimir operator eigenvalue over a representation space specified by the Young Tableaux parameters (p, q) is given by,
that is, C 3f = C 3 (1, 0) = 10/9 over the SU(3) fundamental representation [15] , whereas it is zero over the adjoint representation (1, 1), another salient feature of the distinction between QCD and the pure Yang-Mills case.
At next order, corresponding in the expansion (6) to the terms {1, α
2 }, one has again the same overall constant K 20 = K 02 = K 11 [12] , but the total contribution, related to the O N (R)-averaged value of (O ij (p)T j ) 6 , becomes much more intricate; to wit, the equivalent of the second line in Eq. (12) is now,
The two last terms, somewhat puzzling, seem to compromise the general structure of these expansions. To proceed, one may rely on the standard values of the d abc coefficients, such as given in the SU c (3) algebra Gell-Mann basis [13] . Then, one can work out identities such as,
that can be used to prove that expression (15) indeed reduces to,
An analysis of the higher order terms of (6) is likely to become rapidly intractable and not very useful to the purpose of re-summing the whole sine function series. Fortunately, the full treatment can be carried out with the help of a summation over Random Matrices and it will be presented elsewhere [12] .
III. CONCLUSION
With Eqs. (11), (12) and (17), the point of the present letter is reached. At quenched and eikonal approximations at least, the strong coupling QCD fermionic amplitudes exhibit a behaviour that, contrarily to usual results, is no longer dependent on the first, quadratic
Casimir operator alone, C 2f 1 3×3 , but also on the second, cubic Casimir operator, C 3f 1 3×3 .
This feature, given the rank-2 character of the SU c (3)-color algebra, had to come into play in one way or another. It is here made visible on the generic form of the strong coupling fermionic QCD amplitudes such as derived in Ref. [4] , thanks to the property of effective locality [1, 2] . That property, which goes along with a mass scale [4] , is non-perturbative, the gluonic degrees of freedom being integrated out.
It is interesting to note that this property leads to a description of any 2n-point fermionic
Green's function in terms of C 2f and C 3f , which, in Quark Models without gluons, correspond to 2-and 3-body potential interactions, with the latter bringing about significant improvements to a description based on a sole 2-body potential [16] . As is well-known in atomic and nuclear physics, that point seems to be generic of a variety of similar situations:
In the case of shallow systems it has been shown that, at leading order, the only potentials that are necessary to a complete description of an n-body system, are the 2-and 3-body interaction potentials; and that the sole 2-body potential is not enough, whatever the parametrizations one tries to complete that 2-body description with [17] .
Further on, it will be worth analyzing how the eikonal and quenching approximations affect those Casimir operator dependences, and also to give numerical estimates [12] .
